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LOCAL HOMOLOGY, FINITENESS OF TOR MODULES AND
COFINITENESS
KAMRAN DIVAANI-AAZAR, HOSSEIN FARIDIAN AND MASSOUD TOUSI
Abstract. Let a be an ideal of a commutative noetherian ring R with unity and
M an R-module supported at V(a). Let n be the supermum of the integers i for
which Ha
i
(M) 6= 0. We show that M is a-cofinite if and only if the R-module
TorR
i
(R/a, M) is finitely generated for every 0 ≤ i ≤ n. This provides a hands-
on and computable finitely-many-steps criterion to examine a-confiniteness. Our
approach relies heavily on the theory of local homology which demonstrates the
effectiveness and indispensability of this tool.
1. Introduction
Throughout this note, R denotes a commutative noetherian ring with unity.
The theory of local cohomology has been developed tremendously during the six
decades of investigation after its introduction by Grothendieck. However, its dual
theory, i.e. the theory of local homology has not been developed much. The theory
of local homology was initiated by Matlis [Ma] in 1974, and its study was continued
by Simon in [Si1] and [Si2]. After the groundbreaking works of Greenlees and May
[GM], and Alonso Tarr´ıo, Jeremı´as Lo´pez and Lipman [AJL], a new era in the study
of this theory has begun; see e.g. [Sc], [CN1], [CN2], [Fr] and [Ri].
To prove Theorem 1.2 below, we deploy the theory of local homology as the main
tool, which in effect illustrates the conspicuous role of this theory in the study of
cofiniteness, and provides along the way results of independent interest for a deeper
insight into the theory of local homology.
It is proved in [BA, Lemma 2.3] that if a is an ideal of R that can be generated
by n elements and M is an R-module, then the R-module TorRi (R/a,M) is finitely
generated for every i ≥ 0 if and only if it is finitely generated for every 0 ≤ i ≤ n.
Recall that the cohomological dimension of M with respect to a is
cd(a,M) := sup{i ≥ 0 | Hi
a
(M) 6= 0},
and note that cd(a,M) ≤ ara(a). From this angle, the following generalization of this
result is posed as a question in [PAB, Question 2].
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Question 1.1. Let a be an ideal of R. If the R-module TorRi (R/a,M) is finitely
generated for every 0 ≤ i ≤ cd(a, R), then is the R-module TorRi (R/a,M) finitely
generated for every i ≥ 0?
We answer this question in the affirmative in an even stronger form. Given an ideal
a of R and an R-module M , we define the homological dimension of M with respect
to a by
hd(a,M) := sup{i ≥ 0 | Hai (M) 6= 0}.
It follows from [GM, Theorem 2.5 and Corollary 3.2], that hd(a,M) ≤ cd(a, R). As
a matter of fact, we derive the following result.
Theorem 1.2. (See Theorem 2.9.) Let a be an ideal of R and M an R-module. Then
the following assertions are equivalent:
(i) Hai (M) is a finitely generated R̂
a-module for every i ≥ 0.
(ii) TorRi (R/a,M) is a finitely generated R-module for every i ≥ 0.
(iii) TorRi (R/a,M) is a finitely generated R-module for every 0 ≤ i ≤ hd(a,M).
In his algebraic geometry seminar of 1962, Grothendieck asked whether the R-
modules HomR
(
R/a, Hi
a
(M)
)
were finitely generated for every ideal a of R and every
finitely generated R-module M ; see [Gr, Conjectures 1.1 and 1.2]. Two years later,
Hartshorne provided a counterexample in [Ha, Section 3], to show that this question
does not have an affirmative answer in general. He then proposed the following
definition.
Definition 1.3. Let a be an ideal of R. An R-module M is said to be a-cofinite if
SuppR(M) ⊆ V(a), and Ext
i
R(R/a,M) is finitely generated for every i ≥ 0.
As an immediate application of Theorem 1.2 , we deduce the following result. It
is worth noting that Tor modules are easier to compute and more handy to deal with
than local homology modules. Moreover, the next result sets forth a finitely-many-
steps criterion for cofiniteness.
Corollary 1.4. (See Corollary 2.11.) Let a be an ideal of R and M an R-module
with SuppR(M) ⊆ V(a). Then the following assertions are equivalent:
(i) M is a-cofinite.
(ii) TorRi (R/a,M) is a finitely generated R-module for every 0 ≤ i ≤ hd(a,M).
2. Main Results
We need to equip ourselves with a handful of lemmas and propositions in advance.
We begin with recalling the definition of local homology modules. Given an ideal a of
R, we let Λa(M) := M̂a = lim
←−
(M/anM) for an R-module M , and Λa(f) := f̂ for an
R-homomorphism f :M → N . This provides us with the so-called a-adic completion
functor Λa(−) on the category of R-modules. Moreover, we define the ith local
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homology module of an R-module M with respect to a to be Hai (M) := Hi
(
Λa(P )
)
for every i ≥ 0, where P is any projective resolution of M .
Lemma 2.1. Let a be an ideal of R and M an R-module. If M/aM is a finitely
generated R-module, then M̂a is a finitely generated R̂a-module.
Proof. As M/aM is finitely generated, there is a finitely generated submodule N of
M such that M = N + aM . Let ι : N → M be the inclusion map. Then by [Si1,
Lemma 1.2], the R̂a-homomorphism ι̂ : N̂a → M̂a is surjective. On the other hand,
since N̂a ∼= R̂a ⊗R N , it is clear that N̂
a is a finitely generated R̂a-module. It then
follows that M̂a is a finitely generated R̂a-module. 
We recall that an R-module M is said to be a-adically quasi-complete if the com-
pletion map θM :M → M̂
a is an epimorphism.
Lemma 2.2. Let a be an ideal of R. Then the following assertions hold:
(i) Any submodule of an a-adically separated R-module is a-adically separated.
(ii) Any homomorphic image of an a-adically quasi-complete R-module is a-adically
quasi-complete.
(iii) If f : M → N is a homomorphism of a-adically complete R-modules, then
both ker f and im f are a-adically complete.
Proof. (i): As ker θM =
⋂
∞
i=1 a
iM for any R-module M , the assertion is clear.
(ii): If M is a-adically quasi-complete and f : M → N is an epimorphism, then
it follows from [Si1, Lemma 1.2] that f̂ : M̂a → N̂a is surjective. Therefore, the
commutative diagram
M N
M̂a N̂a
f
f̂
θM θN
shows that θN is surjective, i.e. N is a-adically quasi-complete.
(iii): As N is a-adically complete, it can be seen by inspection that
ker f =
∞⋂
i=1
(
ker f + aiM
)
,
i.e. ker f is a closed submodule of M in the a-adic topology. It now follows from
[Si1, Proposition 1.3 (ii)] that ker f is a-adically complete. On the other hand, im f
is both a submodule of N and a homomorphic image of M , so using (i) and (ii), we
infer that im f is a-adically complete. 
Lemma 2.3. Let a be an ideal of R and M an R-module. Suppose that R is a-adically
complete, M is a-adically quasi-complete, and M/aM is a finitely generated R-module.
Let θM :M → M̂
a be the completion map with K = ker θM . Then K̂
a = 0 = Ha0 (K).
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Proof. Since M/aM is a finitely generated R-module, Lemma 2.1 implies that M̂a
is a finitely generated R-module. From the short exact sequence
0→ K →M
θM−−→ M̂a → 0,
we get the exact sequence
TorR1
(
R/a, M̂a
)
→ K/aK →M/aM,
which implies that K/aK is a finitely generated R-module. Subsequently, from the
short exact sequence
0→ K/aK →M/aK → M̂a → 0,
we deduce that M/aK is a finitely generated R-module. It then follows that the zero
submodule of M/aK has a minimal primary decomposition
aK/aK =
n⋂
i=1
Qi/aK,
which in turn gives a minimal primary decomposition
aK =
n⋂
i=1
Qi
of aK. We prove that K = aK, by showing that K ⊆ Qi for every 1 ≤ i ≤ n. Assume
to the contrary that there is an integer 1 ≤ j ≤ n and an element x ∈ K\Qj. Then
we have ax ⊆ aK ⊆ Qj . This means that the homomorphism M/Qj
a
−→ M/Qj is
not injective for every a ∈ a. As Qj is a primary submodule of M , we conclude that
a ⊆
√
(Qj :R M). Therefore, there is an integer t ≥ 1 such that a
tM ⊆ Qj . But
K =
∞⋂
i=1
a
iM ⊆ atM ⊆ Qj ,
which is a contradiction. Therefore, K = aK, and so by [Si1, Lemma 5.1 (ii)], K̂a =
0 = Ha0 (K). 
The next result may be of independent interest.
Lemma 2.4. Let a be an ideal of R and M an R-module. Then for any j ≥ 0 we
have:
Hai
(
Haj (M)
)
∼=


Haj (M) if i = 0
0 if i ≥ 1.
Proof. Let
F = · · · → F2
∂F2−−→ F1
∂F1−−→ F0 → 0
be a free resolution of M . Then by definition
Haj (M) = ker ∂̂
F
j / im ∂̂
F
j+1,
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for any j ≥ 0. By Lemma 2.2 (iii), both im ∂̂Fj+1 and ker ∂̂
F
j are a-adically complete.
Therefore, invoking [Si1, Lemmas 5.1 (i), and 5.2 (i)], there are natural isomorphisms
α : Ha0
(
im ∂̂Fj+1
)
→ im ∂̂Fj+1,
and
β : Ha0
(
ker ∂̂Fj
)
→ ker ∂̂Fj .
Now the short exact sequence
(2.4.1) 0→ im ∂̂Fj+1
ι
−→ ker ∂̂Fj
pi
−→ Haj (M)→ 0,
yields the following commutative diagram with exact rows
Ha0
(
im ∂̂Fj+1
)
Ha0
(
ker ∂̂Fj
)
Ha0
(
Haj (M)
)
0
0 im ∂̂Fj+1 ker ∂̂
F
j
Haj (M) 0
Ha0 (ι) H
a
0 (pi)
ι pi
∼=α ∼=β γ∃
from which we deduce that Ha0 (ι) is injective and γ is an isomorphism. On the other
hand, the short exact sequence (2.4.1) yields an exact sequence
0 = Hai+1
(
ker ∂̂Fj
)
→ Hai+1
(
Haj (M)
)
→ Hai
(
im ∂̂Fj+1
)
= 0,
for every i ≥ 1, where the vanishing follows from [Si1, Lemma 5.2 (i)]. It follows that
Hai+1
(
Haj (M)
)
= 0 for every i ≥ 1. It further yields the exact sequence
0 = Ha1
(
ker ∂̂Fj
)
→ Ha1
(
Haj (M)
)
→ Ha0
(
im ∂̂Fj+1
)
Ha0 (ι)−−−−→ Ha0
(
ker ∂̂Fj
)
.
As Ha0 (ι) is injective, we conclude that H
a
1
(
Haj (M)
)
= 0. 
Lemma 2.5. Let a be an ideal of R, M an R-module, and s ≥ 0 an integer. Suppose
that R is a-adically complete, and (R/a)⊗R H
a
s (M) is a finitely generated R-module.
Then Has (M) is a finitely generated R-module.
Proof. Let L = Has (M). As L/aL is finitely generated, Lemma 2.1 implies that L̂
a is
a finitely generated R-module. Lemma 2.2 yields that L is a-adically quasi-complete,
so Lemma 2.3 implies that Ha0 (ker θL) = 0, where θL : L→ L̂
a is the completion map.
Hence from the short exact sequence
0→ ker θL → L
θL−→ L̂a → 0,
we get the exact sequence
0 = Ha0 (ker θL)→ H
a
0 (L)→ H
a
0
(
L̂a
)
→ 0,
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implying that Ha0 (L)
∼= Ha0
(
L̂a
)
. By [Si1, Lemma 5.2 (i)], we have Ha0
(
L̂a
)
∼= L̂a.
On the other hand, Lemma 2.4 implies that Ha0 (L)
∼= L. Hence L ∼= L̂a is a finitely
generated R-module. 
Lemma 2.6. Let a be an ideal of R and M an R-module. Then there is a convergent
spectral sequence
E2p,q = Tor
R
p
(
R/a, Haq (M)
)
⇒
p
TorRp+q(R/a,M).
Proof. Let F = (R/a) ⊗R −, and G = Λ
a(−). Then F is right exact, and G(P )
is left F -acyclic for every projective R-module P, since the a-adic completion of a
flat R-module is flat by [B, 1.4.7]. Therefore, by [Ro, Theorem 10.48], there is a
Grothendieck spectral sequence
E2p,q = LpF
(
LqG(M)
)
⇒
p
Lp+q(FG)(M).
Let F be a free resolution of M . By [B, Theorem 1.3.1] or [Ma, Theorem 15], we have
(R/a)⊗R Λ
a(F ) ∼= (R/a)⊗R F,
whence
Lp+q(FG)(M) = Hp+q
(
(FG)(F )
)
∼= TorRp+q(R/a,M).

Lemma 2.7. Let a be an ideal of R, M an R-module, and s ≥ 0 an integer. If
TorRi
(
R/a, Haj (M)
)
is finitely generated for every i ≥ 0 and 0 ≤ j ≤ s − 1, and
TorRs (R/a,M) is finitely generated, then (R/a)⊗R H
a
s (M) is finitely generated.
Proof. By Lemma 2.6, there is a convergent spectral sequence
E2p,q = Tor
R
p
(
R/a, Haq (M)
)
⇒
p
TorRp+q(R/a,M).
Therefore, there is a finite filtration
0 = U−1 ⊆ U0 ⊆ · · · ⊆ Us = TorRs (R/a,M),
such that Up/Up−1 ∼= E∞p,s−p for every p ∈ Z. As Tor
R
s (R/a,M) is finitely generated,
we conclude that
E∞0,s
∼= U0/U−1 = U0
is finitely generated. Let r ≥ 2, and consider the differentials
Err,s−r+1
drr,s−r+1
−−−−−→ Er0,s
dr0,s
−−→ Er
−r,s+r−1 = 0,
where the vanishing comes from the facts that E2
−r,s+r−1 = 0 and E
r
−r,s+r−1 is a
subquotient of E2
−r,s+r−1 for every r ≥ 2. On the other hand, as s− r+1 ≤ s−1, the
hypothesis implies that Err,s−r+1 and consequently im d
r
r,s−r+1 are finitely generated
for every r ≥ 2. We thus obtain
Er+10,s
∼= ker dr0,s/ im d
r
r,s−r+1 = E
r
0,s/ imd
r
r,s−r+1,
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and consequently a short exact sequence
(2.7.1) 0→ im drr,s−r+1 → E
r
0,s → E
r+1
0,s → 0.
There is an integer r0 ≥ 2, such that E
∞
0,s = E
r+1
0,s for every r ≥ r0. It follows that
Er0+10,s is finitely generated. Now the short exact sequence (2.7.1) implies that E
r0
0,s
is finitely generated. Using the short exact sequence (2.7.1) inductively, we conclude
that E20,s = (R/a)⊗R H
a
s (M) is finitely generated as desired. 
The next result is of grave importance in the theory of cofinite modules, which is
included here for the convenience of the reader.
Lemma 2.8. Let a be an ideal of R and M an R-module. Then the following condi-
tions are equivalent:
(i) ExtiR(R/a,M) is a finitely generated R-module for every i ≥ 0.
(ii) ExtiR(N,M) is a finitely generated R-module for every finitely generated R-
module N with SuppR(N) ⊆ V(a) and every i ≥ 0.
(iii) TorRi (R/a,M) is a finitely generated R-module for every i ≥ 0.
(iv) TorRi (N,M) is a finitely generated R-module for every finitely generated R-
module N with SuppR(N) ⊆ V(a) and every i ≥ 0.
(v) Hai (M) is a finitely generated R̂
a-module for every i ≥ 0.
Proof. Apply [WW, Propositions 7.1, 7.2, and Theorem 7.4] to the module case,
bearing in mind that Hai (M) = 0 for every i > cd(a, R). 
Now, we are ready to prove our main result.
Theorem 2.9. Let a be an ideal of R and M an R-module. Then the following
assertions are equivalent:
(i) Hai (M) is a finitely generated R̂
a-module for every i ≥ 0.
(ii) TorRi (R/a,M) is a finitely generated R-module for every i ≥ 0.
(iii) TorRi (R/a,M) is a finitely generated R-module for every 0 ≤ i ≤ hd(a,M).
Proof. (i) ⇒ (ii): Holds by Lemma 2.8.
(ii) ⇒ (iii): Obvious.
(iii) ⇒ (i): We claim that we may assume that R is a-adically complete. Indeed,
if TorRi (R/a,M) is a finitely generated R-module, then by [Si2, Lemma 2.3],
TorR̂
a
i
(
R̂a/aR̂a, R̂a ⊗R M
)
∼= TorRi (R/a,M)
is a finitely generated R-module, and thus a finitely generated R̂a-module. If the
result is proved in the complete case, then by [Si2, Lemma 2.3],
Hai (M)
∼= HaR̂
a
i
(
R̂a ⊗R M
)
is a finitely generated R̂a-module. In addition, the latter isomorphism indicates that
hd(a,M) = hd
(
aR̂a, R̂a ⊗R M
)
.
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Having assumed that R is a-adically complete, we proceed to do induction on s to
show that if TorRi (R/a,M) is a finitely generated R-module for every 0 ≤ i ≤ s, then
Has (M) is a finitely generated R-module. Clearly, this establishes the implication. If
s = 0, then M/aM is finitely generated. Now [Si1, Theorem 1.1 and Lemma 5.1 (iv)]
implies that
Ha0 (M)/aH
a
0 (M)
∼= Ĥa0 (M)
a
/aĤa0 (M)
a
∼= M̂a/aM̂a
∼= M/aM.
Therefore, the R-module Ha0 (M)/aH
a
0 (M) is finitely generated. Hence Lemma 2.5
implies that Ha0 (M) is finitely generated. Now assume that s > 0 and the claim is
true for s− 1. Hence Hai (M) is finitely generated for every 0 ≤ i ≤ s− 1. It follows
that TorRi
(
R/a, Haj (M)
)
is finitely generated for every i ≥ 0 and 0 ≤ j ≤ s − 1,
and TorRs (R/a,M) is finitely generated. Lemma 2.7 implies that (R/a)⊗RH
a
s (M) is
finitely generated, and subsequently Lemma 2.5 yields that Has (M) is finitely gener-
ated as desired. 
Corollary 2.10. Let a be an ideal of R and M an R-module. If the R-module
hd(a,R)⊕
i=0
TorRi (R/a,M)
is finitely generated, then TorRi (N,M) is a finitely generated R-module for every
finitely generated R-module N with SuppR(N) ⊆ V(a) and every i ≥ 0.
Proof. The proof is clear in light of Theorem 2.9 and Lemma 2.8. 
The next result provides an applicable criterion for cofiniteness.
Corollary 2.11. Let a be an ideal of R and M an R-module with SuppR(M) ⊆ V(a).
Then the following assertions are equivalent:
(i) M is a-cofinite.
(ii) TorRi (R/a,M) is a finitely generated R-module for every 0 ≤ i ≤ hd(a,M).
Proof. The proof is clear in view of Theorem 2.9 and Lemma 2.8. 
Corollary 2.12. Let N be a finitely generated R-module and M an R-module. If
TorRi
(
R/AnnRN,M
)
is a finitely generated R-module for every 0 ≤ i ≤ hd (AnnRN,M),
then TorRi (N,M) is a finitely generated R-module for every i ≥ 0.
Proof. The proof is clear in light of Theorem 2.9 and Lemma 2.8. 
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